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KK, Counting and
Cardinality; K-2,
Operations and Algebraic
Thinking1

Counting and Cardinality and Operations and Algebraic Thinking are
about understanding and using numbers. Counting and Cardinality
underlies Operations and Algebraic Thinking as well as Number
and Operations in Base Ten. It begins with early counting and
telling how many in one group of objects. Addition, subtraction,
multiplication, and division grow from these early roots. From its
very beginnings, this Progression involves important ideas that are
neither trivial nor obvious; these ideas need to be taught, in ways
that are interesting and engaging to young students.

The Progression in Operations and Algebraic Thinking deals with
the basic operations—the kinds of quantitative relationships they
model and consequently the kinds of problems they can be used
to solve as well as their mathematical properties and relationships.
Although most of the standards organized under the OA heading
involve whole numbers, the importance of the Progression is much
more general because it describes concepts, properties, and repre-
sentations that extend to other number systems, to measures, and to
algebra. For example, if the mass of the sun is x kilograms, and the
mass of the rest of the solar system is y kilograms, then the mass
of the solar system as a whole is the sum x + y kilograms. In this
example of additive reasoning, it doesn't matter whether x and y
are whole numbers, fractions, decimals, or even variables. Likewise,
a property such as distributivity holds for all the number systems
that students will study in K=12, including complex numbers.

The generality of the concepts involved in Operations and Al-
gebraic Thinking means that students’ work in this area should be
designed to help them extend arithmetic beyond whole numbers (see
the NF and NBT progressions) and understand and apply expres-

135 Operations and Algebraic Thinking will be released soon
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sions and equations in later grades (see the EE progression).

Addition and subtraction are the first operations studied. Ini-
tially, the meaning of addition is separate from the meaning of sub-
traction, and students build relationships between addition and sub-
traction over time. Subtraction comes to be understood as reversing
the actions involved in addition and as finding an unknown ad-
dend. Likewise, the meaning of multiplication is initially separate
from the meaning of division, and students gradually perceive re-
lationships between division and multiplication analogous to those
between addition and subtraction, understanding division as revers-
ing the actions involved in multiplication and finding an unknown
product.

Over time, students build their understanding of the properties
of arithmetic: commutativity and associativity of addition and multi-
plication, and distributivity of multiplication over addition. Initially,
they build intuitive understandings of these properties, and they use
these intuitive understandings in strategies to solve real-world and
mathematical problems. Later, these understandings become more
explicit and allow students to extend operations into the system of
rational numbers.

As the meanings and properties of operations develop, students
develop computational methods in tandem. The OA Progression in
Kindergarten and Grade 1 describes this development for single-
digit addition and subtraction, culminating in methods that rely on
properties of operations. The NBT Progression describes how these
methods combine with place value reasoning to extend computa-
tlon to multi-digit numbers. The NF Progression describes how the
meanings of operations combine with fraction concepts to extend
computation to fractions.

Students engage in the Standards for Mathematical Practice in
grade-appropriate ways from Kindergarten to Grade 5. Pervasive
classroom use of these mathematical practices in each grade affords
students opportunities to develop understanding of operations and
algebraic thinking.
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Counting and Cardinality

Several progressions originate in knowing number names and the

count sequence:KCC-1

From saying the counting words to counting out objects  Students
usually know or can learn to say the counting words up to a given
number before they can use these numbers to count objects or to tell
the number of objects. Students become fluent in saying the count
sequence so that they have enough attention to focus on the pairings
involved in counting objects. To count a group of objects, they pair
each word said with one object<Ct42 This is usually facilitated by
an indicating act (such as pointing to objects or moving them) that
keeps each word said in time paired to one and only one object
located in space. Counting objects arranged in a line is easiest;
with more practice, students learn to count objects in more difficult
arrangements, such as rectangular arrays (they need to ensure they
reach every row or column and do not repeat rows or columns); cir-
cles (they need to stop just before the object they started with); and
scattered configurations (they need to make a single path through
all of the objects)K'CC\f’ Later students can count out a given number
of objects,K‘CC5 which is more difficult than just counting that many
objects, because counting must be fluent enough for the student to
have enough attention to remember the number of objects that is
being counted out.

From subitizing to single-digit arithmetic fluency Students come
to quickly recognize the cardinalities of small groups without having
to count the objects; this is called perceptual subitizing. Perceptual
subitizing develops into conceptual subitizing—recognizing that a
collection of objects is composed of two subcollections and quickly
combining their cardinalities to find the cardinality of the collec-
tlon (e.g., seeing a set as two subsets of cardinality 2 and saying
“four”). Use of conceptual subitizing in adding and subtracting small
numbers progresses to supporting steps of more advanced methods
for adding, subtracting, multiplying, and dividing single-digit num-
bers (in several OA standards from Grade 1 to 3 that culminate in
single-digit fluency).

From counting to counting on Students understand that the last

number name said in counting tells the number of objects counted KCC4b

Prior to reaching this understanding, a student who is asked “How
many kittens?” may regard the counting performance itself as the
answer, instead of answering with the cardinality of the set. Ex-
perience with counting allows students to discuss and come to un-
derstand the second part of K.CC.4b—that the number of objects is
the same regardless of their arrangement or the order in which they
were counted. This connection will continue in Grade 1 with the
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K-CCIGount to 100 by ones and by tens.

K.CC4a Understand the relationship between numbers and
quantities; connect counting to cardinality.

a When counting objects, say the number names in the
standard order, pairing each object with one and only one
number name and each number hame with one and only
one object.

K'CC'SCount to answer “how many?” questions about as many
as 20 things arranged in a line, a rectangular array, or a circle, or
as many as 10 things in a scattered configuration; given a number
from 1-20, count out that many objects.

K.CC4b Understand the relationship between numbers and
quantities; connect counting to cardinality.

b Understand that the last number name said tells the num-
ber of objects counted. The number of objects is the same
regardless of their arrangement or the order in which they
were counted.



more advanced counting-on methods in which a counting word rep-
resents a group of objects that are added or subtracted and addends
become embedded within the totalOA0 (see later discussion). Be-
ing able to count forward, beginning from a given number within the
known sequence,K'CC'2 is a prerequisite for such counting on. Fi-
nally, understanding that each successive number name refers to a
quantity that is one larger'~C&4¢ is the conceptual start for Grade 1
counting on. Prior to reaching this understanding, a student might
have to recount entirely a collection of known cardinality to which
a single object has been added.

From spoken number words to written base-ten numerals to base-
ten system understanding The NBT Progression discusses the
special role of 10 and the difficulties that English speakers face be-
cause the base-ten structure is not evident in all the English number
words.

From comparison by matching to comparison by numbers to com-
parison involving adding and subtracting The standards about
comparing numbers<CCOKCCT focus on students identifying which
of two groups has more than (or fewer than, or the same amount
as) the other. Students first learn to match the objects in the two
groups to see if there are any extra and then to count the objects
in each group and use their knowledge of the count sequence to
decide which number is greater than the other (the number farther
along in the count sequence). Students learn that even if one group
looks as if it has more objects (e.g, has some extra sticking out),
matching or counting may reveal a different result. Comparing num-
bers progresses in Grade 1 to adding and subtracting in comparing
situations (finding out "how many more” or "how many less"TOA
and not just "which is more” or “which is less").
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1'OA'GAdd and subtract within 20, demonstrating fluency for ad-
dition and subtraction within 10. Use strategies such as counting
on; making ten (e.9., 8 + 6 = 8 +2+4 = 10 + 4 = 14); decom-
posing a number leadingto aten (e.g., 13 -4 =13 -3 -1 =
10—1 = 9); using the relationship between addition and subtrac-
tion (e.g., knowing that 8 + 4 = 12, one knows 12 — 8 = 4); and
creating equivalent but easier or known sums (e.g., adding 6 + 7
by creating the known equivalent6 + 6 + 1 = 12 + 1 = 13).

K'Cc'zCount forward beginning from a given number within the
known sequence (instead of having to begin at 1).

K.CCAc Understand the relationship between numbers and
quantities; connect counting to cardinality.
¢ Understand that each successive number name refers to
a quantity that is one larger.

K'Cc'ﬁldentify whether the number of objects in one group is
greater than, less than, or equal to the number of objects in an-
other group, e.g., by using matching and counting strategies.

K'CC’7Compare two numbers between 1 and 10 presented as
written numerals.

1.0A1 Use addition and subtraction within 20 to solve word prob-
lems involving situations of adding to, taking from, putting to-
gether, taking apart, and comparing, with unknowns in all posi-
tions, e.g., by using objects, drawings, and equations with a sym-
bol for the unknown number to represent the problem.



Operations and Algebraic Thinking

Overview of Grades K-2

Students develop meanings for addition and subtraction as they en-
counter problem situations in Kindergarten, and they extend these
meanings as they encounter increasingly difficult problem situations
in Grade 1. They represent these problems in increasingly sophis-
ticated ways. And they learn and use increasingly sophisticated
computation methods to find answers. In each grade, the situations,
representations, and methods are calibrated to be coherent and to
foster growth from one grade to the next.

The main addition and subtraction situations students work with
are listed in Table 1. The computation methods they learn to use are
summarized in the margin and described in more detail the Appendix
of Methods.
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Methods used for solving single-digit addition and
subtraction problems

Level 1. Direct Modeling by Counting All or Taking Away.
Represent situation or numerical problem with groups of objects,
a drawing, or fingers. Model the situation by composing two
addend groups or decomposing a total group. Count the
resulting total or addend.

Level 2. Counting On. Embed an addend within the total (the
addend is perceived simultaneously as an addend and as part of
the total). Count this total but abbreviate the counting by omitting
the count of this addend; instead, begin with the number word of
this addend. Some method of keeping track (fingers, objects,
mentally imaged objects, body motions, other count words) is
used to monitor the count.

For addition, the count is stopped when the amount of the
remaining addend has been counted. The last number word is
the total. For subtraction, the count is stopped when the total
occurs in the count. The tracking method indicates the
difference (seen as an unknown addend).

Level 3. Convert to an Easier Problem. Decompose an addend
and compose a part with another addend.

See Appendix for examples and further details.



Add To

Take
From

Put
Together
/Take
Apart

Compare

Table 1:

Result Unknown

Change Unknown

Start Unknown

A bunnies sat on the grass. 5B more
bunnies hopped there. How many
bunnies are on the grass now?

A+ B=[]

A bunnies were sitting on the grass.
Some more bunnies hopped there.
Then there were C bunnies. How
many bunnies hopped over to the
first A bunnies?

A+O=C

Some bunnies were sitting on the
grass. B more bunnies hopped
there. Then there were C bun-
nies. How many bunnies were on the
grass before?

O+B=C

C apples were on the table. | ate B
apples. How many apples are on the
table now?

C-B=[]

C apples were on the table. | ate
some apples. Then there were A ap-
ples. How many apples did | eat?

C-O=A

Some apples were on the table. | ate
B apples. Then there were A apples.
How many apples were on the table
before?

O-—-B=A

Total Unknown

Both Addends Unknown'

Addend Unknown?

Ared apples and B green apples are
on the table. How many apples are
on the table?

A+B=[]

Grandma has C flowers. How many
can she put in her red vase and how
many in her blue vase?

C=0+010

C apples are on the table. A are red
and the rest are green. How many
apples are green?

A+0O=C

C-A=0

Difference Unknown

Bigger Unknown

Smaller Unknown

“How many more?” version. Lucy
has A apples. Julie has C apples.
How many more apples does Julie
have than Lucy?

“How many fewer?” version. Lucy
has A apples. Julie has C apples.
How many fewer apples does Lucy
have than Julie?

A+0O=C
C-A=0

“More” version suggests operation.
Julie has B more apples than Lucy.
Lucy has A apples. How many ap-
ples does Julie have?

“Fewer” version suggests wrong op-
eration. Lucy has B fewer apples
than Julie. Lucy has A apples. How
many apples does Julie have?

A+ B=[

“Fewer” version suggests operation.
Lucy has B fewer apples than Julie.
Julie has C apples. How many ap-
ples does Lucy have?

“More” suggests wrong operation.
Julie has B more apples than Lucy.
Julie has C apples. How many ap-
ples does Lucy have?

C—B=0]
O0+B=C

Addition and subtraction situations. In each type (shown as a row), any one of the three quantities in the situation can be

unknown, leading to the subtypes shown in each cell of the table. The table also shows some important language variants which, while
mathematically the same, require separate attention. Other descriptions of the situations may use somewhat different names. Adapted
from Box 2-4 of National Research Council (2009, op. cit., pp. 32, 33) and CCSS, p. 89.

1 This can be used to show all decompositions of a given number, especially important for numbers within 10. Equations with totals
on the left help children understand that = does not always mean “makes” or “results in” but always means “is the same number
as.” Such problems are not a problem subtype with one unknown, as is the Addend Unknown subtype to the right. These problems
are a productive variation with two unknowns that give experience with finding all of the decompositions of a number and reflecting
on the patterns involved.

2 Either addend can be unknown; both variations should be included.
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Kindergarten

Students act out adding and subtracting situations by represent-
ing quantities in the situation with objects, their fingers, and math
clra\/\/‘mgs.K'OA‘1 To do this, students must mathematize a real-world
situation (MP4), focusing on the quantities and their relationships
rather than non-mathematical aspects of the situation. Situations
can be acted out and/or presented with pictures or words. Math
drawings facilitate reflection and discussion because they remain
after the problem is solved. These concrete methods that show all
of the objects are called Level 1 methods (MP5).

Students learn and use mathematical and non-mathematical lan-
guage, especially when they make up problems and explain their
representation and solution. The teacher can write expressions (e.g.,
3—1) to represent operations, as well as writing equations that rep-
resent the whole situation before the solution (e.q, 3 —1 = ) or
after (e.g, 3 —1 = 2). Expressions like 3—1 or 2+ 1 show the oper-
ation, and it is helpful for students to have experience just with the
expression so they can conceptually chunk this part of an equation.

Working within 5 Students work with small numbers first, though
many kindergarteners will enter school having learned parts of the
Kindergarten standards at home or at a preschool program. Focus-
ing attention on small groups in adding and subtracting situations
can help students move from perceptual subitizing to conceptual
subitizing in which they see and say the addends and the total,®
e.g., “Two and one make three’

Students will generally use fingers for keeping track of addends
and parts of addends for the Level 2 and 3 methods used in later
grades, so it is important that students in Kindergarten develop rapid
visual and kinesthetic recognition of numbers to 5 on their fingers.
Students may bring from home different ways to show numbers with
their fingers and to raise (or lower) them when counting. The three
major ways used around the world are starting with the thumb, the
little finger, or the pointing finger (ending with the thumb in the
latter two cases). Each way has advantages physically or math-
ematically, so students can use whatever is familiar to them. The
teacher can use the range of methods present in the classroom, and
these methods can be compared by students to expand their un-
derstanding of numbers. Using fingers is not a concern unless it
remains at the first level of direct modeling in later grades.

Students in Kindergarten work with the following types of addi-
tion and subtraction situations: Add To with Result Unknown; Take
From with Result Unknown; and Put Together/Take Apart with Total
Unknown and Both Addends Unknown (see the dark shaded types
in Table 2). Add To/Take From situations are action-oriented; they
show changes from an initial state to a final state. These situations
are readily modeled by equations because each aspect of the situ-
ation has a representation as number, operation (+ or —), or equal
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K.OA1 Represent addition and subtraction with objects, fingers,
mental images, drawings, sounds (e.g., claps), acting out situa-
tions, verbal explanations, expressions, or equations.

o Note on vocabulary: The term “total” is used here instead of the
term “sum.” “Sum” sounds the same as “some,” but has the oppo-
site meaning. “Some” is used to describe problem situations with
one or both addends unknown, so it is better in the earlier grades
to use “total” rather than “sum.” Formal vocabulary for subtrac-
tion (“minuend” and “subtrahend”) is not needed for Kindergarten,
Grade 1, and Grade 2, and may inhibit students seeing and dis-
cussing relationships between addition and subtraction. At these
grades, the terms “total” and “addend” are sufficient for classroom
discussion.



sign (=, here with the meaning of "becomes,” rather than the more

general “equals”).

Result Unknown

Change Unknown

Start Unknown

A bunnies were sitting on the grass.

Some bunnies were sitting on the

Some more bunnies hopped there. | grass. 5B more bunnies hopped
Then there were C bunnies. How | there. Then there were C bun-
Add To many bunnies hopped over to the | nies. How many bunnies were on the
first A bunnies? grass before?
A+O=C O+B=C
C apples were on the table. | ate | Some apples were on the table. | ate
some apples. Then there were A ap- | B apples. Then there were A apples.
Take ples. How many apples did | eat? How many apples were on the table
From before?
cC—-O=A —B=A
Total Unknown Both Addends Unknown'’ Addend Unknown?
C apples are on the table. A are red
and the rest are green. How many
Put apples are green?
Together A
+0O0=C
/Take O
Apart C-A=0
Difference Unknown Bigger Unknown Smaller Unknown
“How many more?” version. Lucy | “More” version suggests operation. | “Fewer” version suggests operation.
has A apples. Julie has C apples. | Julie has B more apples than Lucy. | Lucy has B fewer apples than Julie.
How many more apples does Julie | Lucy has A apples. How many ap- | Julie has C apples. How many ap-
have than Lucy? ples does Julie have? ples does Lucy have?
Compare
“How many fewer?” version. Lucy “Fewer” version suggests wrong “More” version suggests wrong op-
has A apples. Julie has C apples. operation. Lucy has B fewer ap- eration. Julie has B more ap-
How many fewer apples does Lucy ples than Julie. Lucy has A ap- ples than Lucy. Julie has C ap-
have than Julie? ples. How many apples does Julie ples. How many apples does Lucy
have? have?
A+0O=C
C—A=[] A4+ B=] C—-B=1
0+B8=C
Table 2: Addition and subtraction situations by grade level. Darker shading indicates the four Kindergarten problem subtypes.

Grade 1 and 2 students work with all subtypes. Unshaded (white) problems are the four difficult subtypes that students should work

with in Grade 1 but need not master until Grade 2.

' This can be used to show all decompositions of a given number, especially important for numbers within 10. Equations with totals
on the left help children understand that = does not always mean “makes” or “results in” but always means “is the same number
as.” Such problems are not a problem subtype with one unknown, as is the Addend Unknown subtype to the right. These problems
are a productive variation with two unknowns that give experience with finding all of the decompositions of a number and reflecting

on the patterns involved.

2 Either addend can be unknown; both variations should be included.
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10

In Put Together/Take Apart situations, two quantities jointly com-
pose a third quantity (the total), or a quantity can be decomposed
into two quantities (the addends). This composition/decomposition
may be physical or conceptual. These situations are acted out with
objects initially and later children begin to move to conceptual men-
tal actions of shifting between seeing the addends and seeing the
total (e.g., seeing children or seeing boys and girls, or seeing red
and green apples or all the apples).

The relationship between addition and subtraction in the Add
To/Take From and the Put Together/Take Apart action situations
is that of reversibility of actions: an Add To situation undoes a
Take From situation and vice versa and a composition (Put Together)
undoes a decomposition (Take Apart) and vice versa.

Put Together/Take Apart situations with Both Addends Unknown
play an important role in Kindergarten because they allow students
to explore various compositions that make each numberKOA3 This
will help students to build the Level 2 embedded number represen-
tations used to solve more advanced problem subtypes. As students
decompose a given number to find all of the partners® that com-
pose the number, the teacher can record each decomposition with
an equation such as 5 = 4+ 1, showing the total on the left and the
two addends on the right.® Students can find patterns in all of the
decompositions of a given number and eventually summarize these
patterns for several numbers.

Equations with one number on the left and an operation on the
right (e.g, 5 = 2 4+ 3 to record a group of 5 things decomposed
as a group of 2 things and a group of 3 things) allow students to
understand equations as showing in various ways that the quantities
on both sides have the same value MP®

Working within 10 Students expand their work in addition and
subtraction from within 5 to within 10. They use the Level 1 methods
developed for smaller totals as they represent and solve problems
with objects, their fingers, and math drawings. Patterns such as
“adding one is just the next counting word"<Ct4¢ and “adding zero
gives the same number” become more visible and useful for all of the
numbers from 1 to 9. Patterns such as the 5+ n pattern used widely
around the world play an important role in learning particular ad-
ditions and subtractions, and later as patterns in steps in the Level
2 and 3 methods. can be used to show the same 5-patterns, but
students should be asked to explain these relationships explicitly
because these relationships may not be obvious to all studentsMP3
As the school year progresses, students internalize their external
representations and solution actions, and mental images become
important in problem representation and solution.

Student drawings show the relationships in addition and sub-
traction situations for larger numbers (6 to 9) in various ways, such
as groupings, things crossed out, numbers labeling parts or totals,

Draft, 5/08/2011, comment at commoncoretools.wordpress. com.

K‘OA'3Decc>mpose numbers less than or equal to 10 into pairs in
more than one way, e.g., by using objects or drawings, and record
each decomposition by a drawing or equation (e.g., 5 = 243 and
5=4+1).

e The two addends that make a total can also be called partners
in Kindergarten and Grade 1 to help children understand that they
are the two numbers that go together to make the total.

e For each total, two equations involving 0 can be written, e.g.,
5=5+4+0and 5 = 0+ 5. Once students are aware that such
equations can be written, practice in decomposing is best done
without such 0 cases.

MP6 Working toward “using the equal sign consistently and ap-
propriately.”

K.CCAc Understand the relationship between numbers and
quantities; connect counting to cardinality.

¢ Understand that each successive number name refers to
a quantity that is one larger.

5 + n pattern

G =k 4] N=5+a i 9=85+y 10=5+%

soc s
ces o
~ SeeRoRtelTall  5Te e lleita e 0 0 00

RReae b o » @ o s

MP3 . . )
Students explain their conclusions to others.
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and letters or words labeling aspects of the situation. The symbols
+, —, or = may be in the drawing. Students should be encouraged
to explain their drawings and discuss how different drawings are
the same and differentMP1

Later in the year, students solve addition and subtraction equa-
tions for numbers within 5, for example, 2+ 1 =Jor 3—1 =[],
while still connecting these equations to situations verbally or with
drawings. Experience with decompositions of numbers and with Add
To and Take From situations enables students to begin to fluently
add and subtract within 5.K0A5

A final composition/decomposition builds from all of this
work: composing and decomposing numbers from 11 to 19 into ten
ones and some further ones. This is a vital first step kindergarten-
ers must take toward understanding base-ten notation for numbers
greater than 9. (See the NBT Progression.)

The Kindergarten standards can be stated succinctly, but they
represent a great deal of focused and rich interactions in the class-
room. This is necessary in order to enable all students to under-
stand all of the numbers and concepts involved. Students who enter
Kindergarten without knowledge of small numbers or of counting
to ten will require extra teaching time in Kindergarten to meet the
standards. Such time and support are vital for enabling all students
to master the Grade 1 standards in Grade 1.

KINBTA1
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MP1 Understand the approaches of others and identify corre-
spondences

K'OA‘SFIuentIy add and subtract within 5.

K.NBT1 Compose and decompose numbers from 11 to 19 into
ten ones and some further ones, e.g., by using objects or draw-
ings, and record each composition or decomposition by a drawing
or equation (e.g., 18 = 10 + 8); understand that these numbers
are composed of ten ones and one, two, three, four, five, six,
seven, eight, or nine ones.
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Grade 1

Students extend their work in three major and interrelated ways,
by:

e Representing and solving a new type of problem situation
(Compare);

e Representing and solving the subtypes for all unknowns in all
three types;

e Using Level 2 and Level 3 methods to extend addition and
subtraction problem solving beyond 10, to problems within 20.
In particular, the OA progression in Grade 1 deals with adding
two single-digit addends, and related subtractions.®

Representing and solving a new type of problem situation (Com-
pare) In a Compare situation, two quantities are compared to find
“How many more” or “How many less." < CCO.KCCT Ope reason Com-
pare problems are more advanced than the other two major types
is that in Compare problems, one of the quantities (the difference) is
not present in the situation physically, and must be conceptualized
and constructed in a representation, showing the “extra” that when
added to the smaller unknown makes the total equal to the bigger
unknown or by finding this quantity embedded within the bigger
unknown.

The language of comparisons is also difficult. For example, “Julie
has three more apples than Lucy” tells both that Julie has more ap-
ples and that the difference is three. Many students ‘hear” the
part of the sentence about who has more, but do not initially hear
the part about how many more; they need experience hearing and
saying a separate sentence for each of the two parts in order to
comprehend and say the one-sentence form. Another language is-
sue is that the comparing sentence might be stated in either of two
related ways, using "more” or “less” Students need considerable
experience with “less” to differentiate it from “more”; some children
think that “less” means “more.” Finally, as well as the basic “How
many more/less” question form, the comparing sentence might take
an active, equalizing and counterfactual form (e.g,, "How many more
apples does Lucy need to have as many as Julie?”) or might be
stated in a static and factual way as a question about how many
things are unmatched (e.g., “If there are 8 trucks and 5 drivers, how
many trucks do not have a driver?’). Extensive experience with a
variety of contexts is needed to master these linguistic and situa-
tional complexities. Matching with objects and with drawings, and
labeling each quantity (e.g., J or Julie and L or Lucy) is helpful. Later
in Grade 1, a tape diagram can be used. These comparing diagrams
can continue to be used for multi-digit numbers, fractions, decimals,
and variables, thus connecting understandings of these numbers in
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e Other Grade 1 problems within 20, such as 14 + 5, are best
viewed in the context of place value, i.e., associated with 1.NBT.4.
See the NBT progression.

e Compare problems build upon Kindergarten comparisons, in
which students identified "Which is more?” or “Which is less?”
without ascertaining the difference between the numbers.

K'Cc'ﬁldentify whether the number of objects in one group is
greater than, less than, or equal to the number of objects in an-
other group, e.g., by using matching and counting strategies.

K'CCJCompare two numbers between 1 and 10 presented as
written numerals.

Representing the difference in a Compare problem

Tvlllg J-uir'ﬁ
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Compare problem solved by matching
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comparing situations with such situations for single-digit numbers.
The labels can get more detailed in later grades.

Some texthbooks represent all Compare problems with a sub-
traction equation, but that is not how many students think of the
subtypes. Students represent Compare situations in different ways,
often as an unknown addend problem (see Table 1). If textbooks and
teachers model representations of or solution methods for Compare
problems, these should reflect the variability students show. In all
mathematical problem solving, what matters is the explanation a
student gives to relate a representation to a context, and not the
representation separated from its context.

Representing and solving the subtypes for all unknowns in all
three types In Grade 1, students solve problems of all twelve sub-
types (see Table 2). Initially, the numbers in such problems are
small enough that students can make math drawings showing all
the objects in order to solve the problem. Students then represent
problems with equations, called situation equations. For example,
a situation equation for a Take From problem with Result Unknown
might read 14 — 8 =[].

Put Together/Take Apart problems with Addend Unknown afford
students the opportunity to see subtraction as the opposite of ad-
dition in a different way than as reversing the action, namely as
finding an unknown addendOA1 The meaning of subtraction as an
unknown-addend addition problem is one of the essential under-
standings students will need in middle school in order to extend
arithmetic to negative rational numbers.

Students next gain experience with the more difficult and more
“algebraic” problem subtypes in which a situation equation does not
immediately lead to the answer. For example, a student analyzing a
Take From problem with Change Unknown might write the situation
equation 14 — [0 = 8. This equation does not immediately lead
to the answer. To make progress, the student can write a related
equation called a solution equation—in this case, either 8 +[] = 14
or 14 — 8 = [ These equations both lead to the answer by Level 2
or Level 3 strategies (see discussion in the next section).

Students thus begin developing an algebraic perspective many
years before they will use formal algebraic symbols and methods.
They read to understand the problem situation, represent the situ-
ation and its quantitative relationships with expressions and equa-
tions, and then manipulate that representation if necessary, using
properties of operations and/or relationships between operations.
Linking equations to concrete materials, drawings, and other rep-
resentations of problem situations affords deep and flexible under-
standings of these building blocks of algebra. Learning where the
total is in addition equations (alone on one side of the equal sign)
and in subtraction equations (to the left of the minus sign) helps stu-
dents move from a situation equation to a related solution equation.

Draft, 5/08/2011, comment at commoncoretools.wordpress. com.

1'()A“'Understalnd subtraction as an unknown-addend problem.
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Because the language and conceptual demands are high, some
students in Grade 1 may not master the most difficult subtypes of
word problems, such as Compare problems that use language oppo-
site to the operation required for solving (see the unshaded subtypes
in Table 2). Some students may also still have difficulty with the
conceptual demands of Start Unknown problems. Grade 1 children
should have an opportunity to solve and discuss such problems, but
proficiency on grade level tests with these most difficult subtypes
should wait until Grade 2 along with the other extensions of problem
solving.

Using Level 2 and Level 3 strategies to extend addition and sub-
traction problem solving beyond 10, to problems within 20 As
Grade 1 students are extending the range of problem types and
subtypes they can solve, they are also extending the range of num-
bers they deal with"9A% and the sophistication of the methods they
use to add and subtract within this larger |‘ange.1'OA'1'1'OA'8

The advance from Level 1 methods to Level 2 methods can be
clearly seen in the context of situations with unknown addends.’
These are the situations that can be represented by an addition
equation with one unknown addend, e.g., 9 + [0 = 13. Students can
solve some unknown addend problems by trial and error or by know-
ing the relevant decomposition of the total. But a Level 2 counting
on solution involves seeing the 9 as part of 13, and understanding
that counting the 9 things can be “taken as done” if we begin the
count from 9: thus the student may say,

‘Niititne, ten, eleven, twelve, thirteen.”

1 2 3 4

Students keep track of how many they counted on (here, 4) with
fingers, mental images, or physical actions such as head bobs. Elon-
that the student differentiates between the first addend and the
counts for the second addend. Counting on enables students to add
and subtract easily within 20 because they do not have to use fin-
gers to show totals of more than 10 which is difficult. Students might
also use the commutative property to shorten tasks, by counting on
from the larger addend even if it is second (e.g., for 4 + 9, counting
on from 9 instead of from 4).

Counting on should be seen as a thinking strategy, not a rote
method. It involves seeing the first addend as embedded in the total,
and it involves a conceptual interplay between counting and the
cardinality in the first addend (shifting from the cardinal meaning of
the first addend to the counting meaning). Finally, there is a level of
abstraction involved in counting on, because students are counting

2Grade 1 students also solve the easy Kindergarten problem subtypes by counting
on.

Draft, 5/08/2011, comment at commoncoretools.wordpress. com.

1'OA'GAdd and subtract within 20, demonstrating fluency for ad-
dition and subtraction within 10. Use strategies such as counting
on; making ten (e.g., 8+ 6 = 8 +2 +4 = 10 4 4 = 14); decom-
posing a number leadingto aten (e.g., 13 —4 =13 -3 -1 =
10—1 = 9); using the relationship between addition and subtrac-
tion (e.g., knowing that 8 + 4 = 12, one knows 12 — 8 = 4); and
creating equivalent but easier or known sums (e.g., adding 6 + 7
by creating the known equivalent 6 + 6 + 1 = 12 4+ 1 = 13).

1.0A1 Use addition and subtraction within 20 to solve word prob-
lems involving situations of adding to, taking from, putting to-
gether, taking apart, and comparing, with unknowns in all posi-
tions, e.g., by using objects, drawings, and equations with a sym-
bol for the unknown number to represent the problem.

1‘OA‘SDetermine the unknown whole number in an addition or
subtraction equation relating three whole numbers.
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the words rather than objects. Number words have become objects
to students.

Counting on can be used to add (find a total) or subtract (find an
unknown addend). To an observer watching the student, adding and
subtracting look the same. Whether the problem is 9 +4 or 13 =9,
twelve, thirteen” with four head bobs or four fingers unfolding. The
differences are in what is being monitored to know when to stop,
and what gives the answer.

Students in many countries learn counting forward methods of
subtracting, including counting on. Counting on for subtraction is
easier than counting down. Also, unlike counting down, counting on
reinforces that subtraction is an unknown-addend problem. Learn-
ing to think of and solve subtractions as unknown addend problems
makes subtraction as easy as addition (or even easier), and it empha-
sizes the relationship between addition and subtraction. The taking
away meaning of subtraction can be emphasized within counting on
by showing the total and then taking away the objects that are at
the beginning. In a drawing this taking away can be shown with a
horizontal line segment suggesting a minus sign. So one can think
of the 9 +[J = 13 situation as ‘I took away 9. | now have 10, 11,
12, 13 [stop when | hear 13] so 4 are left because | counted on
4 from 9 to get to 13" Taking away objects at the end suggests
counting down, which is more difficult than counting on. Showing
13 decomposed in groups of five as in the illustration to the right
also supports students seeing how to use the Level 3 make-a-ten
method; 9 needs 1 more to make 10 and there are 3 more in 13, so
4 from 9 to 13.

Level 3 methods involve decomposing an addend and composing
it with the other addend to form an equivalent but easier problem.
This relies on properties of operat‘Lonsj'OA'3 Students do not neces-
sarily have to justify their representations or solution using prop-
erties, but they can begin to learn to recognize these properties in
action and discuss their use after solving.

There are a variety of methods to change to an easier prob-
lem. These draw on addition of three whole numbers."9%2 A known
addition or subtraction can be used to solve a related addition or
subtraction by decomposing one addend and composing it with the
other addend. For example, a student can change 846 to the easier
10 + 4 by decomposing 6 = 2 + 4 and composing the 2 with the 8
to make 10: 84+6=8+2+4=10+4 =14

This method can also be used to subtract by finding an unknown
addend: 14—8 =[] so8+[1=14,s014 =8+2+4 = 8+6, that is
14 — 8 = 6. Students can think as for adding above (stopping when
they reach 14), or they can think of taking 8 from 10, leaving 2 with
the 4, which makes 6. One can also decompose with respect to ten:
13—4=13-3-1=10—1 =9, but this can be more difficult than
the forward methods.

Draft, 5/08/2011, comment at commoncoretools.wordpress. com.

Counting on to add and subtract

9+14
“Niiiiine, ten, eleven, twelve, thirteen.”
1 2 3 4
13—9
“Niiiiine, ten, eleven, twelve, thirteen.”
1 2 3 4

When counting on to add 9 + 4, the student is counting the
fingers or head bobs to know when to stop counting aloud, and
the last counting word said gives the answer. For counting on to
subtract 13 — 9, the opposite is true: the student is listening to
counting words to know when to stop, and the accumulated
fingers or head bobs give the answer.

“Taking away” indicated with horizontal line segment and
solving by counting on to 13

g =at e I, s g i a] =S

poso—coodd HSO
Toke away 9, 1o, i2(3 : H To make 13,

1'OA'3AppIy properties of operations as strategies to add and
subtract.

1'OA'ZSolve word problems that call for addition of three whole
numbers whose sum is less than or equal to 20, e.g., by using
objects, drawings, and equations with a symbol for the unknown
number to represent the problem.
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These make-a-ten methods have three prerequisites reaching
back to Kindergarten:

a. knowing the partner to 10 for any number (K.OA4 sets the
stage for this),

b. knowing all partners of numbers below 9 so that you can find
the partner for the number that makes 10 (K.OA3 sets the
stage for this), and

c. knowing all teen numbers as 10 + n (eg, 12 =10+ 2, 15 =
10 + 5, see KNBT.1 and 1.NBT.2b).

The make-a-ten methods are more difficult in English than in
East Asian languages in which teen numbers are spoken as ten, ten
one, ten two, ten three, etc. In particular, prerequisite c is harder
in English because of the irregularities and reversals in the teen
number words.®

Another Level 3 method that works for certain numbers is a dou-
bles +1 or £2 method: 647 = 6+(6+1) = (6+6)+1 = 12+1 = 13.
These methods do not connect with place value the way make-a-ten
methods do.

The Add To and Take From Start Unknown situations are par-
ticularly challenging with the larger numbers students encounter in
Grade 1. The situation equation [1+ 6 = 15 or [1— 6 = 9 can be
rewritten to provide a solution. Students might use the commutative
property of addition to change 0+ 6 = 15 to 6 + [ = 15, then
count on or use Level 3 methods to compose 4 (to make ten) plus 5
(ones in the 15) to find 9. Students might reverse the action in the
situation represented by [J—6 = 9 so that it becomes 9+6 =[] Or
they might use their knowledge that the total is the first number in
a subtraction equation and the last number in an addition equation
to rewrite the situation equation as a solution equation: (J—6 =9
becomes 9+6 =or 6+9 =1

The difficulty levels in Compare problems differ from those in Put
Together/Take Apart and Add To and Take From problems. Difficul-
ties arise from the language issues mentioned before and especially
from the opposite language variants where the comparing sentence
suggests an operation opposite to that needed for the solution.®

As students progress to Level 2 and Level 3 methods, they no
longer need representations that show each quantity as a group of
objects. Students now move on to diagrams that use numbers and
show relationships between these numbers. These can be extensions
of drawings made earlier that did show each quantity as a group
of objects. Add To/Take From situations at this point can continue
to be represented by equations. Put Together/Take Apart situations
can be represented by the example drawings shown in the margin.
Compare situations can be represented with tape diagrams showing
the compared quantities (one smaller and one larger) and the differ-
ence. Other diagrams showing two numbers and the unknown can

Draft, 5/08/2011, comment at commoncoretools.wordpress. com.

e For example, “four” is spoken first in “fourteen,” but this order is
reversed in the numeral 14.

e Bigger Unknown: “Fewer” version suggests wrong operation.
Lucy has B fewer apples than Julie. Lucy has A apples. How
many apples does Julie have?

Smaller Unknown.  “More” version suggests wrong opera-
tion. Julie has 3 more apples than Lucy. Julie has C apples.
How many apples does Lucy have?

Additive relationship shown in tape, part-whole, and
number-bond figures

dotal is 7

The tape diagram shows the addends as the tapes and the total
(indicated by a bracket) as a composition of those tapes. The
part-whole diagram and number-bond diagram capture the
composing-decomposing action to allow the representation of
the total at the top and the addends at the bottom either as
drawn quantities or as numbers.

Additive relationships shown in static diagrams
'[‘ei‘af total

06006000

T
=

ced jreem

.r‘ea} :\re:u,

Students sometimes have trouble with the static part-whole
diagram because these display a double representation of the
total and the addends (the total 7 above and the addends 4 and
3 below), but at a given time in the addition or subtraction
situation not all three quantities are present. The action of
moving from the total to the addends (or from the addends to the
total) in the number-bond diagram reduces this conceptual
difficulty.
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also be used. Such diagrams are a major step forward because the
same diagrams can represent the adding and subtracting situations
for all of the kinds of numbers students encounter in later grades
(multi-digit whole numbers, fractions, decimals, variables). Students
can also continue to represent any situation with a situation equa-
tion and connect such equations to cllagramst Such connections
can help students to solve the more difficult problem situation sub-
types by understanding where the totals and addends are in the
equation and rewriting the equation as needed.

Draft, 5/08/2011, comment at commoncoretools.wordpress. com.

MP1 By relating equations and diagrams, students work toward
this aspect of MP1: Mathematically proficient students can ex-
plain correspondences between equations, verbal descriptions,
tables, and graphs.
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Grade 2

Crade 2 students build upon their work in Grade 1 in two ma-
jor vvags.z'OA'1 They represent and solve situational problems of all
three types which involve addition and subtraction within 100 rather
than within 20, and they represent and solve two-step situational
problems of all three types.

Diagrams used in Grade 1 to show how quantities in the situation
are related continue to be useful in Grade 2, and students continue
to relate the diagrams to situation equations. Such relating helps
students rewrite a situation equation like [J — 38 = 49 as 49 +
38 = [ because they see that the first number in the subtraction
equation is the total. Each addition and subtraction equation has
seven related equations. Students can write all of these equations,
continuing to connect addition and subtraction, and their experience
with equations of various forms.

Because there are so many problem situation subtypes, there
are many possible ways to combine such subtypes to devise two-
step problems. Because some Grade 2 students are still develop-
ing proficiency with the most difficult subtypes, two-step problems
should not involve these subtypes. Most work with two-step prob-
lems should involve single-digit addends.

Most two-step problems made from two easy subtypes are easy
to represent with an equation, as shown in the first two examples
to the right. But problems involving a comparison or two middle
difficulty subtypes may be difficult to represent with a single equa-
tion and may be better represented by successive drawings or some
combination of a diagram for one step and an equation for the other
(see the last three examples). Students can make up any kinds of
two-step problems and share them for solving.

The deep extended experiences students have with addition and
subtraction in Kindergarten and Grade 1 culminate in Grade 2 with
students becoming fluent in single-digit additions and the related
subtractions using the mental Level 2 and 3 strategies as needed 2072
So fluency in adding and subtracting single-digit numbers has pro-
gressed from numbers within 5 in Kindergarten to within 10 in Grade
1 to within 20 in Grade 2. The methods have also become more ad-
vanced.

The word fluent is used in the Standards to mean “fast and ac-
curate” Fluency in each grade involves a mixture of just knowing
some answers, knowing some answers from patterns (e.g., “adding
0 yields the same number”), and knowing some answers from the
use of strategies. It is important to push sensitively and encourag-
ingly toward fluency of the designated numbers at each grade level,
recognizing that fluency will be a mixture of these kinds of thinking
which may differ across students. The extensive work relating addi-
tion and subtraction means that subtraction can frequently be solved
by thinking of the related addition, especially for smaller numbers.
It is also important that these patterns, strategies and decomposi-
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2.0A1 Use addition and subtraction within 100 to solve one- and
two-step word problems involving situations of adding to, tak-
ing from, putting together, taking apart, and comparing, with un-
knowns in all positions, e.g., by using drawings and equations
with a symbol for the unknown number to represent the problem.

Related addition and subtraction equations

87—38=49 87—-49=38 38449 =87 49+ 38 =287
49 =87—-38 38=87—-49 87=38+49 87 =49+ 38

Examples of two-step Grade 2 word problems

Two easy subtypes with the same operation, resulting in
problems represented as, for example, 9+ 5+ 7 =[Jor
16 — 8 — 5 = [Jand perhaps by drawings showing these steps:

Example for 9 + 5 + 7: There were 9 blue balls and 5 red
balls in the bag. Aki put in 7 more balls. How many balls
are in the bag altogether?

Two easy subtypes with opposite operations, resulting in
problems represented as, for example, 9 — 5+ 7 = [Jor
16 + 8 — 5 = [J and perhaps by drawings showing these steps:

Example for 9 — 5 + 7: There were 9 carrots on the
plate. The girls ate 5 carrots. Mother put 7 more carrots
on the plate. How many carrots are there now?

One easy and one middle difficulty subtype:

For example: Maria has 9 apples. Corey has 4 fewer
apples than Maria. How many apples do they have in all?

For example: The zoo had 7 cows and some horses in
the big pen. There were 15 animals in the big pen. Then
4 more horses ran into the big pen. How many horses
are there now?

Two middle difficulty subtypes:

For example: There were 9 boys and some girls in the
park. In all, 15 children were in the park. Then some
more girls came. Now there are 14 girls in the park. How
many more girls came to the park?

2.0A2 Fluently add and subtract within 20 using mental strate-
gies. By end of Grade 2, know from memory all sums of two
one-digit numbers.
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tions still be available in Grade 3 for use in multiplying and dividing
and in distinguishing adding and subtracting from multiplying and
dividing. So the important press toward fluency should also allow
students to fall back on earlier strategies when needed. By the end
of the K=2 grade span, students have sufficient experience with ad-
dition and subtraction to know single-digit sums from memorg;z'OA'2
as should be clear from the foregoing, this is not a matter of instill-
ing facts divorced from their meanings, but rather as an outcome of
a multi-year process that heavily involves the interplay of practice
and reasoning.

Extensions to other standard domains and to higher grades In
Crades 2 and 3, students continue and extend their work with adding
and subtracting situations to length situations?™MP5.2MDb (addition
and subtraction of lengths is part of the transition from whole num-
ber addition and subtraction to fraction addition and subtraction)
and to bar gra|3hs.2"\/‘D'10'3MD‘3 Students solve tvvo—step}OA‘8 and
multlstep4'0A3 problems involving all four operations. In Grades 3,
4, and 5, students extend their understandings of addition and sub-
traction problem types in Table 1 to situations that involve fractions
and decimals. Importantly, the situational meanings for addition and
subtraction remain the same for fractions and decimals as for whole
numbers.
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2.0A2 Fluently add and subtract within 20 using mental strate-
gies. By end of Grade 2, know from memory all sums of two
one-digit numbers.

2'MD'SUse addition and subtraction within 100 to solve word
problems involving lengths that are given in the same units, e.g.,
by using drawings (such as drawings of rulers) and equations with
a symbol for the unknown number to represent the problem.

2MD.6 Represent whole numbers as lengths from 0 on a num-
ber line diagram with equally spaced points corresponding to the
numbers 0, 1, 2, ..., and represent whole-number sums and dif-
ferences within 100 on a number line diagram.

2'MD'mDraw a picture graph and a bar graph (with single-unit
scale) to represent a data set with up to four categories. Solve
simple put-together, take-apart, and compare problems using in-
formation presented in a bar graph.

3‘MD'3Draw a scaled picture graph and a scaled bar graph to
represent a data set with several categories. Solve one- and two-
step “how many more” and “how many less” problems using in-
formation presented in scaled bar graphs.

3'OA'BSolve two-step word problems using the four operations.
Represent these problems using equations with a letter stand-
ing for the unknown quantity. Assess the reasonableness of an-
swers using mental computation and estimation strategies includ-
ing rounding.

4'OA'3SoIve multistep word problems posed with whole numbers
and having whole-number answers using the four operations, in-
cluding problems in which remainders must be interpreted. Rep-
resent these problems using equations with a letter standing for
the unknown quantity. Assess the reasonableness of answers
using mental computation and estimation strategies including
rounding.
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Summary of K-2 Operations and Algebraic Thinking

Kindergarten  Students in Kindergarten work with three kinds of
problem situations: Add To with Result Unknown; Take From with
Result Unknown; and Put Together/Take Apart with Total Unknown
and Both Addends Unknown. The numbers in these problems involve
addition and subtraction within 10. Students represent these prob-
lems with concrete objects and drawings, and they find the answers
by counting (Level 1 strategy). More specifically,

e For Add To with Result Unknown, they make or draw the start-
ing set of objects and the change set of objects, and then they
count the total set of objects to give the answer.

e For Take From with Result Unknown, they make or draw the
starting set and “take away” the change set; then they count
the remaining objects to give the answer.

e For Put Together/Take Apart with Total Unknown, they make
or draw the two addend sets, and then they count the total
number of objects to give the answer.

Grade 1 Students in Grade 1 work with all of the problem situ-
ations, including all subtypes and language variants. The numbers
in these problems involve additions involving single-digit addends,
and the related subtractions. Students represent these problems
with math drawings and with equations.

Students master the majority of the problem types. They might
sometimes use trial and error to find the answer, or they might just
know the answer based on previous experience with the given num-
bers. But as a general method they learn how to find answers to
these problems by counting on (a Level 2 method), and they un-
derstand and use this method.TOA%1.0Ab St dents also work with
Level 3 methods.OA3.1.0A6 that recompose a problem to a related
easier problem. The most important of these Level 3 methods in-
volve making a ten, because these methods connect with the place
value concepts students are learning in this grade (see the NBT pro-
gression) and work for any numbers. Students also solve the easier
problem subtypes with these Level 3 methods.

The four problem subtypes that Grade 1 students should work
with, but need not master, are:

e Add To with Start Unknown

Take From with Start Unknown

Compare with Bigger Unknown using “fewer” language (mis-
leading language suggesting the wrong operation)

e Compare with Smaller Unknown using “more” language (mis-
leading language suggesting the wrong operation)
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1.0A5 Relate counting to addition and subtraction (e.g., by count-
ing on 2 to add 2).

1'OA'GAdd and subtract within 20, demonstrating fluency for ad-
dition and subtraction within 10. Use strategies such as counting
on; makingten (e.9.,84+6 =8+2+4 = 10+ 4 = 14); decom-
posing a number leadingto aten (e.g., 13-4 =13 -3 -1 =
10— 1 = 9); using the relationship between addition and subtrac-
tion (e.g., knowing that 8 + 4 = 12, one knows 12 — 8 = 4); and
creating equivalent but easier or known sums (e.g., adding 6 + 7
by creating the known equivalent6 + 6 + 1 =12+ 1 = 13).

1'OA'E'AppIy properties of operations as strategies to add and
subtract.

1‘OA‘GAdd and subtract within 20, demonstrating fluency for ad-
dition and subtraction within 10. Use strategies such as counting
on; making ten (e.g., 8 + 6 = 8 +2 +4 = 10 4 4 = 14); decom-
posing a number leadingto aten (e.g., 13 —4 =13 -3 -1 =
10—1 = 9); using the relationship between addition and subtrac-
tion (e.g., knowing that 8 + 4 = 12, one knows 12 — 8 = 4); and
creating equivalent but easier or known sums (e.g., adding 6 + 7
by creating the known equivalent 6 + 6 + 1 = 12+ 1 = 13).
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Grade 2 Students in Grade 2 master all of the problem situations
and all of their subtypes and language variants. The numbers in
these problems involve addition and subtraction within 100. They
represent these problems with diagrams and/or equations. For prob-
lems involving addition and subtraction within 20, more students
master Level 3 methods; increasingly for addition problems, stu-
dents might just know the answer (by end of Grade 2, students
know all sums of two-digit numbers from memory?©A2). For other
problems involving numbers to 100, Grade 2 students use their de-
veloping place value skills and understandings to find the answer
(see the NBT Progression). Students work with two-step problems,
especially with single-digit addends, but do not work with two-step
problems in which both steps involve the most difficult problem sub-
types.
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2.0A2 Fluently add and subtract within 20 using mental strate-
gies. By end of Grade 2, know from memory all sums of two
one-digit numbers.
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Appendix of Methods

Methods used for solving single-digit addition and
subtraction problems

Level 1

Direct Modeling by Counting All or Taking Away. Represent sit-
uation or numerical problem with groups of objects, a drawing, or
fingers. Model the situation by composing two addend groups or
decomposing a total group. Count the resulting total or addend.

Adding (8 + 6 = [): Represent each addend by a
group of objects. Put the two groups together. Count
the total. Use this strategy for Add To/Result Unknown
and Put Together/Total Unknown.

Subtracting (14 — 8 = [J): Represent the total by
a group of objects. Take the known addend number
of objects away. Count the resulting group of objects
to find the unknown added. Use this strategy for Take
From/Result Unknown.

one addend breaks

Make a ten (general):

Q0000 00O OO0 0O0 O

10+4

Levels 8+6=14 14-8=6
Level 1: Count All Take Away
Count all a b a
1 2345 67 8 123 45 6 1 23 45 6 78 910 11121314
OO0OO0O0OO OO0 O00O0O0 O o000 00 0000
1 2345 678 910111213 14 1 2345 67812 3456
C b c
Level 2: Count On To solve 14 —8 I counton 8 +? =14
Count on 8 11
10 12
OO0OO0O0O0O 0O00OCQ OO0O00O0O O 13
910111213 14 Ltook away 8 s 14
8 ook away )\
8to14is6s014-8=6
Level 3: Recompose: Make a Ten 14 — 8: I make a ten for 8 + 7 =14
Recompose

8 + 2 + 4

apart to make 10 N/
with the other 6
addend
Make a ten (from 5’s ‘Q_Q_Q_Q,Q’ ‘QQ__Q_Q,O) 8 + 6 = 14
within each addend) N T
10 ==~
Doubles + n 6+38
=6+6+2
= 12 +2=14

Note: Many children attempt to count down for subtraction, but counting down is difficult and error-prone.
Children are much more successful with counting on; it makes subtraction as easy as addition.

Draft, 5/08/2011, comment at commoncoretools.wordpress. com.




23

Level 2

Counting on. Embed an addend within the total (the addend is
perceived simultaneously as an addend and as part of the total).
Count this total but abbreviate the counting by omitting the count
of this addend; instead, begin with the number word of this addend.
Some method of keeping track (fingers, objects, mentally imaged
objects, body motions, other count words) is used to monitor the
count.

For addition, the count is stopped when the amount of the re-
maining addend has been counted. The last number word is the
total. For subtraction, the count is stopped when the total occurs in
the count. The tracking method indicates the difference (seen as an
unknown addend).

Counting on can be used to find the total or to find an addend.
These look the same to an observer. The difference is what is mon-
itored: the total or the known addend. Some students count down
to solve subtraction problems, but this method is less accurate and
more difficult than counting on. Counting on is not a rote method. It
requires several connections between cardinal and counting mean-
ings of the number words and extended experience with Level 1
methods in Kindergarten.

Adding (e. g, 8 + 6 = [0) uses counting on to find a
total: One counts on from the first addend (or the larger
number is taken as the first addend). Counting on is
monitored so that it stops when the second addend has
been counted on. The last number word is the total.

Finding an unknown addend (e.g, 8 + [0 = 14): One
counts on from the known addend. The keeping track
method is monitored so that counting on stops when
the known total has been reached. The keeping track
method tells the unknown addend.

Subtracting (14 — 8 = [J): One thinks of subtracting
as finding the unknown addend, as 8 +[] = 14 and uses
counting on to find an unknown addend (as above).

The problems in Table 2 which are solved by Level 1 methods in
Kindergarten can also be solved using Level 2 methods: counting on
to find the total (adding) or counting on to find the unknown addend
(subtracting).

The middle difficulty (lightly shaded) problem types in Table 2
for Grade 1 are directly accessible with the embedded thinking of
Level 2 methods and can be solved by counting on.

Finding an unknown addend (e.g, 8 + O = 14) is
used for Add To/Change Unknown, Put Together/Take
Apart/Addend Unknown, and Compare/Difference Unknown.
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It is also used for Take From/Change Unknown (14— =
8) after a student has decomposed the total into two ad-
dends, which means they can represent the situation as
14-8=0

Adding or subtracting by counting on is used by some
students for each of the kinds of Compare problems (see
the equations in Table 2). Grade 1 students do not neces-
sarily master the Compare Bigger Unknown or Smaller
Unknown problems with the misleading language in the
bottom row of Table 2.

Solving an equation such as 6 + 8 = [J by counting on from
8 relies on the understanding that 8 + 6 gives the same total, an
implicit use of the commutative property without the accompanying
written representation 6 + 8 = 8 + 6.

Level 3

Convert to an Easier Problem. Decompose an addend and compose
a part with another addend.

These methods can be used to add or to find an unknown addend
(and thus to subtract). These methods implicitly use the associative
property.

Adding
Make a ten E.g,for 8+6 =[]
8+6=8+24+4=10+4=14,

so 8 + 6 becomes 10 + 4.

Doubles plus or minus 1 E.g, for 6 +7 =[]
6+7=64+6+1=1241=13,
so 6 + 7 becomes 12 + 1.

Finding an unknown addend
Make aten E. g, for 8+ =14,

8 +2 =10 and 4 more makes 14. 24+4 = 6.
So 8 + [ = 14 is done as two steps: how many up to ten and how
many over ten (which can be seen in the ones place of 14).
Doubles plus or minus 1 E.g, for 6 + 1= 13,

6+6+1=12+1.6+1=T.

So 6 +[] =13 is done as two steps: how many up to 12 (6 + 6) and

how many from 12 to 13.
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Subtracting

Thinking of subtracting as finding an unknown addend E.g, solve
14—8=0or13—-6 =as 8+ = 14 or 6+ = 13 by the above
methods (make a ten or doubles plus or minus 1).

Make a ten by going down over ten E.g, 14 —8 =[] can be done
in two steps by going down over ten: 14 —4 (to get to 10) — 4 = 6.

The Level 1 and Level 2 problem types can be solved using these
Level 3 methods.

Level 3 problem types can be solved by representing the situ-
ation with an equation or drawing, then re-representing to create
a situation solved by adding, subtracting, or finding an unknown
addend as shown above by methods at any level, but usually at
Level 2 or 3. Many students only show in their writing part of this
multi-step process of re-representing the situation.

Students re-represent Add To/Start Unknown [J+6 =
14 situations as 6 + [0 = 14 by using the commutative
property (formally or informally).

Students re-represent Take From/Start Unknown []—
8 = 6 situations by reversing as 6 + 8 = [, which may
then be solved by counting on from 8 or using a Level 3
method.

At Level 3, the Compare misleading language situations can be
solved by representing the known quantities in a diagram that shows
the bigger quantity in relation to the smaller quantity. The diagram
allows the student to find a correct solution by representing the
difference between quantities and seeing the relationship among
the three quantities. Such diagrams are the same diagrams used for
the other versions of compare situations; focusing on which quantity
is bigger and which is smaller helps to overcome the misleading
language.

Some students may solve Level 3 problem types by doing the
above re-representing but use Level 2 counting on.

As students move through levels of solution methods, they in-
creasingly use equations to represent problem situations as situa-
tion equations and then to re-represent the situation with a solution
equation or a solution computation. They relate equations to dia-
grams, facilitating such re-representing. Labels on diagrams can
help connect the parts of the diagram to the corresponding parts of
the situation. But students may know and understand things that
they may not use for a given solution of a problem as they increas-
ingly do various representing and re-representing steps mentally.
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